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Abstract
Recently, the k-normal element over finite fields is defined and charac-
terized by Huczynska et al.. In this paper, the characterization of k-normal
elements, by using to give a generalization of Schwartz’s theorem, which
allows us to check if an element is a normal element, is obtained. In what
follows, in respect of the problem of existence of a primitive 1-normal el-
ement in Fqn over Fq, for all q and n, had been stated by Huczynska et
al., it is shown that, in general, this problem is not satisfied. Finally, a
recursive method for constructing 1-normal polynomials of higher degree
from a given 1-normal polynomial over F2m is given.
Keywords: Finite field, normal basis, k-normal element, k-normal polynomial,
primitive element.
1 Introduction
Let Fq, be the Galois field of order q = p
m, where p is a prime and m is a
natural number, and F∗q be its multiplicative group. A normal basis of Fqn over
Fq is a basis of the form N = {α, α
q, ..., αq
n−1
}, i.e., a basis that consists of the
algebraic conjugates of a fixed element α ∈ F∗qn . Recall that an element α ∈ Fqn
is said to generate a normal basis over Fq if its conjugates form a basis of Fqn
as a vector space over Fq. For convenience an element α generating a normal
basis, is called a normal element.
A monic irreducible polynomial F (x) ∈ Fq[x] is called normal polynomial or
N -polynomial if its roots form a normal basis or, equivalently, if they are linearly
independent over Fq. The minimal polynomial of an element in a normal basis
{α, αq, ..., αq
n−1
} is m(x) =
∏n−1
i=0 (x− α
qi ) ∈ Fq[x], which is irreducible over
Fq.
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Normal bases have many applications, including coding theory, cryptography
and computer algebra systems. The elements in a normal basis are exactly the
roots of some N -polynomial. Hence an N -polynomial is just another way of
describing a normal basis. The construction of normal polynomials over finite
fields is a challenging mathematical problem [7].
Recently, the k-normal element over finite fields is defined and characterized
by Huczynska, Mullen, Panario and Thomson [6]. The following definition for
checking whether an element is a k-normal element, is given by them.
Definition 1.1 For each 0 ≤ k ≤ n − 1, the element α ∈ Fqn is called a
k-normal element if deg(gcd(xn − 1,
∑n−1
i=0 α
qixn−1−i)) = k.
Using this mention, a normal element of Fqn over Fq is a 0-normal element.
The existence of primitive normal elements has been obtained in [1] and [2]
for sufficiently large q and n. The Primitive Normal Basis Theorem has been
established for all q and n in [8] and [4]. Moreover, the existence of primitive 1-
normal elements is established in [6], for sufficiently large qn. Also, the existence
of primitive 1-normal elements of Fqn over Fq, for all q and n is stated in ([6],
Problem 6.2), as a problem.
In this paper, in Section 2, some definitions, notes and results which are
useful for our study have been stated. Section 3 is devoted to characterization
and construction of k-normal elements (especially, 1-normal elements). Also,
in this section, in respect of the problem of existence of primitive 1-normal
elements, for all q and n, some value of q and n is given, such that the extension
finite field Fqn is not consists of any primitive 1-normal element. Finally, in
Section 4, by definition of k-normal polynomials, given in Section 2, a recursive
method for construction 1-normal polynomials of higher degree from a given
1-normal polynomial over F2m is given.
2 Preliminary notes
We use the definitions, notations and results given by Huczynska [6], Cohen[3],
Gao [5] and Kyuregyan [7], where similar problems are considered. We need the
following results for our further study.
Recall that TrFqn |Fq(α), the trace of α in Fqn over Fq, is given by TrFqn |Fq(α) =∑n−1
i=0 α
qi . For convince, TrFqn |Fq is denoted by Trqn|q. To state further results,
recall that the Frobenius map
σ : η → ηq, η ∈ Fqn
is an automorphism of Fqn that fixes Fq. In particular, σ is a linear transforma-
tion of Fqn viewed as a vector space of dimension n over Fq. For any polynomial
g(x) =
∑n−1
i=0 gix
i ∈ Fq [x], define
g(σ)η = (
n−1∑
i=0
giσ
i)η =
n−1∑
i=0
giη
qi ,
2
which is also a linear transformation on Fqn .
The null space of g(σ) is defined to be the set of all elements α ∈ Fqn such
that g(σ)α = 0, we also call it the null space of g(x). For any element α ∈ Fqn ,
the monic polynomial g(x) ∈ Fq[x] of the smallest degree such that g(σ)α = 0
is called the σ-order of α. This polynomial is denoted by Ordα,σ(x). Note that
Ordα,σ(x) divides any polynomial h(x) annihilating α. In particular, for every
α ∈ Fqn , Ordα,σ(x) divides x
n− 1, the minimal or characteristic polynomial for
σ.
Proposition 2.1 [6] Let α ∈ Fqn . Then α is a k-normal element over Fq if
and only if deg(Ordα,σ(x)) = n− k.
Proposition 2.2 [3] A necessary condition for existence a primitive element
with zero trace in Fqn over Fq is n ≥ 3, except when n = 2 and q = 3. Also if
n ≥ 3, such a primitive element exists, except when n = 3 and q = 4.
Recall that, an element α ∈ Fqn is called a proper element of Fqn over Fq if
α /∈ Fqv for any proper divisor v of n. So by this mention, an element α ∈ Fqn
is called a proper k-normal element of Fqn over Fq if α is a k-normal element
and a proper element of Fqn over Fq.
Definition 2.3 A monic irreducible polynomial P (x) ∈ Fq of degree n is called
a k-normal polynomial (or Nk-polynomial)over Fq if its roots be the k-normal
elements of Fqn over Fq.
By using the above definition, an N -polynomial is an N0-polynomial. Since, the
proper k-normal elements of Fqn over Fq are the roots of a k-normal polynomial
of degree n over Fq, hence the k-normal polynomials of degree n over Fq is just
another way of describing the proper k-normal elements of Fqn over Fq.
The following proposition is useful for constructingN1-polynomials over F2m .
Proposition 2.4 [7] Let δ ∈ F∗2s and F1(x) =
∑n
i=0 cix
i be an irreducible
polynomial of degree n over F2m . Also let Tr2m|2(
c1δ
c0
) = 1 and Tr2m|2(
cn−1
δ
) =
1. Then the sequence (Fu(x))u≥1, defined by
Fu+1(x) = x
n2u−1Fu(x+ δ
2x−1) u ≥ 1.
is a sequence of irreducible polynomials of degree 2un over F2m for every u ≥ 1.
3 Characterization and construction of k-normal
elements and existence of primitive 1-normal
elements
In this section, the characterization and construction of k-normal elements (spe-
cially, of 1-normal elements), and also a characterization of some extension finite
fields, consist a primitive 1-normal element is given. In the continue, in respect
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of the problem of existence of the primitive 1-normal elements for all q and n
([6], problem 6.2), some values of q and n is introduced, such that the extension
finite field Fqn is not consists of any primitive 1-normal element over Fq.
Let p denote the characteristic of Fq and let n = n1p
e = n1t, with gcd(p, n1) =
1 and suppose that xn − 1 has the following factorization in Fq[x] :
xn − 1 = (ϕ1(x)ϕ2(x) · · ·ϕr(x))
t, (1)
where ϕi(x) ∈ Fq[x] are the distinct irreducible factors of x
n − 1. For each
s, 0 ≤ s < n, let there is a us > 0 such that, Rs,1(x), Rs,2(x), · · · , Rs,us(x)
be all of the s degree polynomials dividing xn − 1. So, from (1) we can write
Rs,i(x) =
∏r
j=1 ϕj
tij (x), for each 1 ≤ i ≤ us, 0 ≤ tij ≤ t. Let
φs,i(x) =
xn − 1
Rs,i(x)
, (2)
for 1 ≤ i ≤ us. Then, there is a useful characterization of the k-normal elements
in Fqn over Fq as follows.
Lemma 3.1 An element α ∈ Fqn is a k-normal element if and only if, there is
a j, 1 ≤ j ≤ uk, such that
φk,j(σ)α = 0, (3)
and also
φs,i(σ)α 6= 0, (4)
for each s, k < s < n, and 1 ≤ i ≤ us.
Proof. According to Proposition 2.1 , α is a k-normal element of Fqn over Fq
if and only if deg(Ord(α)) = n− k. This is true if and only if the Equations (3)
and (4) hold.
In the case k = 0, the Lemma 3.1 is obtained by Schwartz [12](see also
[10], Theorem 4.10). Actually, Lemma 3.1 is a generalization of Schwartz’s
theorem. The definition 1.1 does give us a method to test if an element is a
k-normal element. In fact, the Lemma 3.1 dose give us another way to check if
an element is k-normal.
The following results are some immediate consequences of Lemma 3.1 .
Theorem 3.2 Let n = n1p
e, for some e ≥ 1 and a, b ∈ F∗q. Then the element
α is a proper 1-normal element of Fqn over Fq if and only if a+ bα is a proper
1-normal element of Fqn over Fq.
Proof. Let n = n1p
e = n1t , then by (1), x
n− 1 has the following factorization
in Fq[x] :
xn − 1 = (xn1 − 1)t = (ϕ1(x)ϕ2(x) · · ·ϕr(x))
t.
Let
R1,1(x) = ϕ1(x) = x− 1. (5)
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Set for each s, 0 < s < n and 1 ≤ i ≤ us, except when s = i = 1,
φs,i(x) =
xn − 1
Rs,i(x)
= (x− 1)tMs,i(x)
= (x− 1)M ′s,i(x),
where
M ′s,i(x) = (x− 1)
t−1Ms,i(x) =
n−s−1∑
v=0
t′ivx
v.
Hence
φs,i(x) =
n−s−1∑
v=0
t′ivx
v+1 −
n−s−1∑
v=0
t′ivx
v. (6)
From (6), we obtain
φs,i(σ)(a + bα) =
n−s−1∑
v=0
t′iv(a+ bα)
qv+1 −
n−s−1∑
v=0
t′iv(a+ bα)
qv ,
= a
n−s−1∑
v=0
t′iv + b
n−s−1∑
v=0
t′ivα
qv+1 − a
n−s−1∑
v=0
t′iv − b
n−s−1∑
v=0
t′ivα
qv
= b(
n−s−1∑
v=0
t′ivα
qv+1 −
n−s−1∑
v=0
t′ivα
qv ) = b φs,i(σ)(α), (7)
for each s, 0 < s < n and 1 ≤ i ≤ us, except when s = i = 1. On the other
hand, in the case s = i = 1, from (5), we have
φ1,1(x) =
xn − 1
R1,1(x)
=
xn − 1
x− 1
= xn−1 + xn−2 + · · ·+ x+ 1 =
n−1∑
i=0
xi.
So
φ1,1(σ)(a+ bα) =
n−1∑
i=0
(a+ bα)q
i
=
n−1∑
i=0
a+ b
n−1∑
i=0
αq
i
= na+ b φ1,1(σ)(α)
= b φ1,1(σ)(α). (8)
From (7) and (8), it follows that
φs,i(σ)(a + bα) = b φs,i(σ)(α)
for each s, 0 < s < n and 1 ≤ i ≤ us. By Lemma 3.1, the proof is completed.
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Theorem 3.3 Suppose that α is a proper element of Fq2 . Then α is 1-normal
over Fq if and only if Trq2|q(α) = 0.
Proof. By (1), x2 − 1 has the following factorization in Fq[x]:
x2 − 1 = (x− 1)(x+ 1).
So, we have R1,1(x) = x − 1 and R1,2(x) = x + 1. Hence, φ1,1(x) = x + 1 and
φ1,2(x) = x − 1. Note that, by Lemma 3.1, to complete the proof, it is enough
that
φ1,1(σ)α = α
q + α = Trq2|q(α) = 0. (9)
This is satisfied by hypothesis.
Theorem 3.4 Let n be a prime different from p and q a primitive element
modulo n. Suppose that α is a proper element of Fqn . Then α is a 1-normal
element of Fqn over Fq if and only if Trqn|q(α) = 0.
Proof. Note that
xn − 1 = (x− 1)(xn−1 + · · ·+ x+ 1).
Since q is a primitive modulo n, xn−1+· · ·+x+1 is an irreducible polynomial over
Fq. Hence, from (1), we have R1,1(x) = x−1 and Rn−1,1(x) = x
n−1+ · · ·+x+1.
So, φ1,1(x) = x
n−1 + · · ·+ x+ 1 and φn−1,1(x) = x− 1. Thus , by Lemma 3.1,
α ∈ Fqn is a 1-normal element of Fqn over Fq if and only if
φ1,1(σ)α =
n−1∑
i=0
σi(α) =
n−1∑
i=0
αq
i
= Trqn|q(α) = 0. (10)
and
φn−1,1(σ)α = α
q − α 6= 0. (11)
The expressions (10) and (11) are satisfied by hypothesis. This completes the
proof.
In the case, the 0-normal elements, similar problems for Theorems 3.2 and
3.4 had been established by Kyuregyan [7] and Pei, Wang and Omura [11],
respectively.
The following corollary which characterize some of extension finite fields,
consist a primitive 1-normal element, is an immediate consequence of Theorems
3.3, 3.4 and Proposition 2.2.
Corollary 3.5 Let n be a prime different from p and q a primitive element
modulo n. Then, A necessary condition for existence a primitive 1-normal el-
ement in Fqn over Fq is n ≥ 3, except when n = 2 and q = 3. Also if n ≥ 3,
such a primitive 1-normal element exists, except when n = 3 and q = 4.
In respect of the problem of existence of a primitive 1-normal element in Fqn over
Fq , for all q and n, the following notation, which is an immediate consequence
of Corollary 3.5 is given.
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Notation 3.6 By Corollary 3.5, it is shown that, there are some extension
finite fields Fqn , with out any primitive 1-normal element over Fq. For this, for
example, we can refer to the finite fields F4 over F2, F43 over F4 and Fq2 over
Fq, for each odd prime power q 6= 3. Consequently, it is shown that, the problem
of existence of a primitive 1-normal element in Fqn over Fq, for all q and n is
not satisfied.
4 Recursive construction N1-polynomials
In this section, we establish a theorem which will show how Lemma 3.1 and
Proposition 2.4 can be applied to produce infinite sequences of N1-polynomials
over F2m . Nothing that φs,i(σ)α =
∑n−s
i=0 aiα
qi for any polynomial φs,i(x) =∑n−s
i=0 aix
i, we can restate Lemma 3.1 as follows.
Proposition 4.1 Let F (x) be an irreducible polynomial of degree n over Fq and
α be a root of it. Let xn − 1 factors as (1) and let φs,i(x) be as in (14). Then
F (x) is a Nk-polynomial over Fq if and only if, there is j, 1 ≤ j ≤ uk, such that
Lφk,j (α) = 0,
and also
Lφs,i(α) 6= 0,
for each s, k < s < n, and 1 ≤ i ≤ us, where us is the number of all s degree
polynomials dividing xn − 1 and Lφs,i(x) is the linearized polynomial defined by
Lφs,i(x) =
n−s∑
v=0
tivx
qv if φs,i(x) =
n−s∑
v=0
tivx
v.
The following theorem dose give us a recursive method for construction 1-
normal polynomials of higher degree from a given 1-normal polynomial over
F2m . A similar result, in the case 0-normal polynomials has been established by
Kyuregyan in [7]. We use of an analogues technique, which used by Kyuregyan,
in the proof of theorem
Theorem 4.2 Let δ ∈ F∗2s and F1(x) =
∑n
i=0 cix
i be N1-polynomial of degree
the even integer n over F2m . Also let Tr2m|2(
c1δ
c0
) = 1 and Tr2m|2(
cn−1
δ
) = 1.
Then the sequence (Fu(x))u≥1, defined by
Fu+1(x) = x
n2u−1Fu(x+ δ
2x−1) u ≥ 1. (12)
is a sequence of N1-polynomials of degree 2
un over F2m for every u ≥ 1.
Proof. Since F1(x) is an irreducible polynomial over F2m , so Proposition 2.4
and the hypothesis imply that F2(x) is irreducible over F2m .
Let α ∈ F2mn be a root of F1(x). Since F1(x) is an N1-polynomial of degree n
over F2m by the hypothesis, so α ∈ F2mn is a 1-normal element over F2m .
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Let n = n12
e, where n1 is a non-negative integer with gcd(n1, 2) = 1 and
e ≥ 0. For convenience we denote 2e by t. Let xn + 1 has the following
factorization in F2m [x]:
xn + 1 = (xn1 + 1)
t
= (ϕ1(x)ϕ2(x) · · ·ϕr(x))
t, (13)
where the polynomials ϕi(x) ∈ Fq[x] are the distinct irreducible factors of x
n1 +
1. From (13), for each 1 < s < n, that, there is a us > 0 such that, Rs,1(x),
Rs,2(x), · · · , Rs,us(x) are all of the s degree polynomials dividing x
n + 1, we
can write Rs,i(x) =
∏r
j=1 ϕj
tij (x), for each 1 ≤ i ≤ us, 0 ≤ tij ≤ t. Let
φs,i(x) =
xn + 1
Rs,i(x)
=
n−s∑
v=0
tivx
v, (14)
for 1 ≤ i ≤ us. Since F1(x) is an N1-polynomial of degree n over F2m , so by
Proposition 4.1, there is a j, 1 ≤ j ≤ u1, such that
Lφ1,j (α) = 0, (15)
and also
Lφs,i(α) 6= 0, (16)
for each 1 < s < n, which there is a us > 0 such that, Rs,1(x), Rs,2(x), · · · ,
Rs,us(x) be all of the s degree polynomials dividing x
n + 1, and 1 ≤ i ≤ us.
Now, we proceed by proving that Fu+1(x) is a 1-normal polynomial. Obvi-
ously, by Proposition 2.4 and the hypothesis, Fu+1(x) is irreducible over F2m .
Let αu+1 be a root of Fu+1(x). Note that by (13), the polynomial x
2un + 1 has
the following factorization in F2m [x]:
x2
un + 1 = (ϕ1(x) · ϕ2(x) · · · · · ϕr(x))
2ut, (17)
where ϕj(x) ∈ F2m [x] are distinct irreducible factors of x
n1 + 1.
For each 1 < s′ < 2un, let there is a u′s′ > 0 such that, R
′
s′,1(x), R
′
s′,2(x),
· · · , R′s,u′
s′
(x) be all of the s′ degree polynomials dividing x2
un+1. So, from (17)
we can write R′s′,i′(x) =
∏r
j=1 ϕj
t′
i′j (x), for each 1 ≤ i′ ≤ u′s′ , 0 ≤ t
′
i′j ≤ 2
ut.
Let
H ′s′,i′(x) =
x2
un + 1
R′s′,i′(x)
(18)
for 1 ≤ i′ ≤ u′s′ . By Proposition 4.1, Fu+1(x) is an N1-polynomial of degree
2un over F2m if and only if, there is a j, 1 ≤ j ≤ u
′
1, such that
LH′
1,j
(αu+1) = 0,
and also
LH′
s′,i′
(αu+1) 6= 0,
for each 1 < s′ < 2un, which there is a u′s′ > 0 such that, R
′
s′,1(x), R
′
s′,2(x), · · · ,
R′s,u′
s′
(x) be all of the s′ degree polynomials dividing x2
un+1, and 1 ≤ i′ ≤ u′s′ .
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Let Hs,i(x) =
x2
un+1
Rs,i(x)
, for each 1 < s < n, and 1 ≤ i ≤ us, satisfied in the
stated conditions. We note that by (14)
Hs,i(x) =
x2
un + 1
Rs,i(x)
=
(xn + 1)(
∑2u−1
j=0 x
jn)
Rs,i(x)
= (
2u−1∑
j=0
xjn)φs,i(x)
=
n−s∑
v=0
tiv(
2u−1∑
j=0
xjn+v). (19)
It follows that
LHs,i(αu+1) =
n−s∑
v=0
tiv(
2u−1∑
j=0
α2
jmn
u+1 )
2mv
. (20)
From (12), if αy+1 is a root of Fy+1(x), then αy+1 + δ
2α−1y+1 is a root of
Fy(x), and therefore, it may assume that
αy+1 + δ
2α−1y+1 = αy (21)
for all 1 ≤ y ≤ u, where α1 = α.
Now, by (21) and observing that Fy(x) is an irreducible polynomial of degree
2y−1n over F2m , we obtain
α2
2y−1mn
y+1 + δ
2α−2
2y−1mn
y+1 = α
22
y−1mn
y = αy. (22)
So from (21) and (22) we have
(α2
2y−1mn
y+1 + αy+1) + δ
2(α−2
2y−1mn
y+1 + α
−1
y+1) = 0.
Or
(α2
2y−1mn
y+1 + αy+1)(1 +
δ2
α2
2y−1mn+1
y+1
) = 0. (23)
Also observing that Fy+1(x) is an irreducible polynomial of degree 2
yn over
F2m , we have α
22
y−1mn
y+1 + αy+1 6= 0, and so α
22
y−1mn
y+1 = δ
2α−1y+1. It follows that
α2
2y−1mn
y+1 + αy+1 = δ
2α−1y+1 + αy+1 = αy (24)
for each y, 1 ≤ y ≤ u. Hence by (24) we obtain
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2u−1∑
j=0
α2
jmn
u+1 =
2u−1−1∑
j=0
(α2
2u−1mn
u+1 + αu+1)
2jmn
=
2u−1−1∑
j=0
α2
jmn
u
= · · · =
2u−z−1∑
j=0
α2
jmn
u−z+1 =
2u−z−1∑
j=0
(α2
2u−z−1mn
u−z+1 + αu−z+1)
2jmn
=
2u−z−1∑
j=0
α2
jmn
u−z = · · · =
1∑
j=0
α2
jmn
2 = α1 = α.
Therefore,
∑2u−1
j=0 α
2jmn
u+1 = α. By substituting α for
∑2u−1
j=0 α
2jmn
u+1 in (20), we
get
LHs,i(αu+1) =
n−s∑
v=0
tivα
2mv = Lφs,i(α) (25)
for each s, 1 ≤ s < n, which there is a us > 0 such that, Rs,1(x), Rs,2(x), · · · ,
Rs,us(x) are all of the s degree polynomials dividing x
n + 1.
So, by (15) and (25), there is a j, 1 < j < u′1 = u1, such that
LH′
1,j
(αu+1) = LH1,j (αu+1) = Lφ1,j (α) = 0
Now we clime that, for each 1 < s′ < 2un, which there is a u′s′ > 0, such
that, R′s′,1(x), R
′
s′,2(x), · · · , R
′
s,u′
s′
(x) be all of the s′ degree polynomials dividing
x2
un + 1, and 1 ≤ i′ ≤ u′s′ we have
LH′
s′,i′
(αu+1) 6= 0.
Setting t′i′j = t for each t
′
i′j > t in R
′
s′,i′(x) =
∏r
j=1 ϕj
t′
i′j (x), we get
(R′s′,i′(x))|t′
i′j
=tfort′
i′j
>t
=
r∏
j=1,t′
i′j
=tfort′
i′j
>t
ϕj
t′
i′j (x) =
r∏
j=1
ϕj
ti0j (x) = Rs0,i0(x),
for some 1 < s0 < n and 1 ≤ i0 ≤ us0 . Hence, Rs0,i0(x) divide R
′
s′,i′(x) and
so H ′s′,i′(x) divide Hs0,i0(x). Consequently, LH′s′,i′ (αu+1) divide LHs0,i0 (αu+1).
Therefore, by (16) and (25), the clime is true. The proof is completed.
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